University College London
Department of Physics and Astronomy
2246E Mathematical Methods II1
Coursework M4 (2007-2008)

Solutions to be handed in on Wednesday, January, 9th, 2007

1. (a) Show that if for two matrices A and B the product AB is defined
that
(AB)T _ BTAT [2 mark]

(b) Given are the matrices

111 -1 0
A= 0 2 1 B = 4 2 C=(7 -1 2)
2 0 2 3 -1

Give AT, ET and QT. [3 marks]

(¢) Which of the following matrix products are possible? Evaluate
the ones which are possible:
A_Ba A_BTa B_Aa ETATa AC) CA) CB) BTCT7 ccC. [9 marks]

(d) Calculate AL, [6 marks]

CONTINUED



2. The real quadratic form F' in three dimensions is given by:

(a)

F =2 —8zy+2y°+422=0,
Write down the matrix A so that F' is given by
F=v"Av=0,

WithyT:(:L‘ Y z)

Find the three different eigenvalues of A by writing the charac-
teristic equation in the form

P=N{(g=A*-r}=0

and calculating the values of p, ¢ and r. Calculate the three
corresponding normalized eigenvectors.

Evaluate the transformation matrix S, for which ST AS is diago-
nal.
Set u = STv and write the quadratic form F in the new variables

QT:(:Z‘_ 2).

< |

CONTINUED

[2 marks]

[12 marks]

[2 marks]

[4 marks]



3. Solve

2(2? + %)

d2y

dx?

dy

—(x—31:2)@+y20,

with a general series solution. Write the differential equation in the

general form

Ly

dxz?

@) 1 @y =0

dx

Evaluate the singular points of the differential equation. The equation
has a series solution of the form

o0
Y= E anz" .
n=0

Write down the indicial equation and show that k£ = % and k£ = 1.
Show that the recursion relations are given by

apn+1 = —0ap .

Give the radius of convergence of these series. Calculate the first 4
terms of the series solution and show that the general solution can be

written in the form

y(z)

Az +Byx
14

CONTINUED

[2 marks]

[3 marks]

[8 marks]

[2 marks]

[5 marks]



4. The function f(x) is defined on the intervall -4 <z < 7 with
f(x) =2cosx

(a) Is f(x) and even or odd function? [1 mark]

(b) The Fourier expansion is given by
1 > nmx > nmx
flx) = §a0+;ancosT —I—;bnsinT ,

with —L < 2z < L. Show that the Fourier coefficients of f(z) =
2cosx with L = 7 are given by

)
4
a, = = / f(x) cos (4nz) dx
T
—7
b, = 0 [7 marks]
(¢) Evaluate the coefficients a,, and show
42 8V2 & 1
flx) = %_ + T\/_ (—1)”1_716n2 cos4nz . [8 marks]
n=1
Hints:
fcos ax cosbx dx = % (Smga:bb)x + Smgﬁﬂ’”)
and
sin(a + b) = sina cos b + cos a sin b.
(d) By considering f(z) at = w/4 calculate the value of the series
|
Z m [4 marks]
n=1

CONTINUED



D.

(a)

Use
nPy(x) = 2n — 1)zP,_1(z) — (n — 1)P,_2(x)

with Py(x) = 1 and Pi(x) = z to calculate Py(z) and Ps(x).
Then express

i 3224+ —1
i, x—a3
in terms of a finite series of Legendre polynomials. [6 marks]

The generating function g(z,t) is related to the Legendre poly-
nomials via

g(w,t) = m Zt”P (1)

Show 5 5
g g [4 marks]
@ =07, Ox = ot @)

By substituting the series from equation (1) into equation (2)
show that

aP,(z) = P,y () = nPy() (3)
where the prime denotes the derivative with respect to x. [5 marks]

Differentiate
(1—2%)P!(x) = nP,_1(z) — nzP,(x)

with respect to x and eliminate P)_; with the help of equation
(3). What is the resulting equation? [5 marks]

CONTINUED



6. The Schrodinger equation for a particle of mass m in a one dimensional
potential V' (z) is given by

(a)

_h_Qaz‘II(x,t) oY (z,t)
2m  Ox2 ot

If you write W(z,t) = F(x) x T'(t) show that the solution of the
differential equation is of the form

+ V(x)¥(x,t) =ih

T(t) = Ce Ft/h

Show, that for zero potential (V' (z) = 0), the solution is given by
U(z,t) = {Acoskzx + Bsinkz} e~ iEt/h (4)

Further show that £ and E are related by

2m
2 _
K=

Assume now that V=0 for 0 <z <[ and ¥(x,t) =0at z =0
and x = [ for all times ¢. Show that the general solution fullfilling
these boundary conditions is

o
U(z,t) =) Bysin ?e’m’”/h
n=1

Give E,, as a function of n.

|W|? is the probability of finding a particle at position x. Show
that in order to to ensure

l
/|\IJ|2da::1.
0

the coefficients B,, have to obey

o0

2
Z ‘Bn|2 = 7
n=0

. s . .
Hint: f,,r sinmaz sin nx dr = 7oy,

[3 marks]

[2 marks]

[1 mark]

[8 marks]

[6 marks]
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Model Answers

(a) Define C = AB, hence
cij =Y airby
k
and then

(CT))ji =Cij = Zaikbki = Z (AT)ki (BT)jk = Z (BT)jk (AT)ki = (BTAT)ji

k

hence the expression given is proven.
Note that this is entirely book work.

(c) A€ Mss, B € Mss, C € Myz, AT € M3, BT € Mys, CT €
M371.

ABT not possible.
BA not possible.

BTAT:<6 11 4>



AC not possible.

CC not possible.
(d)
1111100
021 1] 010
202 ] 001

Multiply first row by two and subtract from last row

1 1. 1| 1 00
~(0 2 1] 0 10
0 -2 0 | -2 01
Add last row to second row
1 1 1| 1 0
~10 0 1| -2 11
0 -2 0] -2 01

11 1] 1 0 0
~lo010 ] 1 0 —1/2
001 | —21

Subtract 2nd and 3rd row from 1st

0] 2 -1 —1/2
o] 1 0 -1/2
1] -2 1 1

2 -1 —1/2
Al = 1 0 —1/2
-2 1 1

Of course the students can also solve this by using ad-
joints.



[

Il

|

B
S N
= O O

|A—M|=0

2—A —4

s —4 2-—-)\
0 0 4-—

2—-A -
-4 2-)

~ > o O

o)
::@—M{@—Af—w}zo

A\ =4 Vv (2—-X)?%=16
2 - \=+4

Doz =244

=X =06

A3 = —2

Eigenvectors for A\ = 4:

-2 -4 0 x 0
-4 -2 0 y | =10
0 0 0 z 0
=
—2x—4y =0
—4dx -2y =
=
—2y =4x
=
y=—2x
=
—2x+8x =0



z=0 y=20 z arbitrary

=
0
vy = 0
1
Eigenvector for Ay = 6:
-4 -4 0 x 0
-4 -4 0 y |=120
0 0 -2 z 0
=
dr+4y =
2z =
= z =0 and
y=—x
=
1 1
v=—| -1
V2 g
Eigenvector for A3 = —2
4 -4 0 x 0
-4 4 0 y | =10
0O 0 6 z 0
= z=0
=
dr —4y =0
= r=y
=
L
Y3 =
V2 0
0 1/vV2 1/V2
S=10 -1/vV2 1/V2
1 0 0

10



S © O

< O O

I
qQ

)o

]Iy W

2l

S O O

4
g z)| 0
0

432 + 672 — 222 =0

z

(
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Singular points

?+2°=0 & 2*(1+2)=0 & 29=0 A z3=-1

. () i % — 323 i 1—3x 1

= J11m = — 1 —_— = —1m -—-— = ——

Po = Jp TP a—0 | 2(z? + 23) x—02(1 4 x) 2
x? 1 1

= lim #%g(2) = lim ————— = lim ——— = >
Qo xli}r(l)l‘ Q(x) :1311{(1) 2(%2 + 1‘3) 9311{(1) 2(1 + 13) 2

indicial equation

k
k(k—1) + pok 4+ qo = k(k — 1) — = +

1
=0
2 2
< 2 2
3 1 9 3 1
(’“z) +5‘ﬁ—(k‘z> “16
< 3 3.1
=4 =_4+ =
P e he=gEg
1
kl - 1 3 :ICQ = 5
Use ansatz:
o
y(x) = Y ana"th
n=0
(e}
y(@) = > (n+k)apa" !
n=0
(e e}
y'(x) = Y (n+k)(n+k— a2
n=0

o0 [ee)

e¢]
2(z?+a3) Z(n—i—k)(n+k—1)an$”+k_2—(:1:—3:1:2) Z(n+k)anx"+k_l+z anz" =0
n=0

n=0 n=0

12



S e 20+ k)(n+ k= 1) — (n+ k) — 1]

n=0

Y a4 k) (4 k= 1) 43+ k)] =0
n=0

In the second sum replace n +1 —n

S e 20+ k)(n+ k= 1) — (n+ k) — 1]

n=0

+ a2+ k-1D(n+k—-2)+3n+k—1)] =0
n=1

n = 0 equation is fullfilled due to indicial equation and for n > 1 we
obtain

an [(n+E)(2n+ 2k — 3) + 1] + ap_1 [(n+k — 1)(2n + 2k —1)] =0
=

(2n® +4nk — 3n+2k* — 3k + 1) an+(2n* + dkn —n+2k* —k —2n — 2k + 1) ap—1 = 0

=
anp = —Gp-1
or
Ap+1 = —0n
Since the next singularity is reached for x = —1 the radius of conver-

gence is |z| < 1.

Set ag = 1, then obtain general solution
o
y(z) = kaanaz” = zF (I-—2+2®—2°+..)
n=0

This is the progression of

with |z| < 1.

13



Hence the general solution is

_ AJz+ Bx

y(x) T2

Note that we might consider giving an extra point for those
who notice that the actual general solution should be

A+/|z| + Bz
o) =

14



4. (a) We notice that f(x) is an even function.
(b)
f(x) =2cosx

We multiply equation (4b) on both sides with sin(4mx) and in-
tegrate over x from —Z& to +%. Since f(x) is even and sin(4mzx)
is odd, the left hand side is zero. And we obtain

+x +T

0= / (%ao + zjl an cos(4na:)> sin(4max) da:—i—/ (zjl by, sin(4na:)> sin(4mx) dx

_ _
4 4

Due to the orthogonality of the sine and cosine function we obtain

oo
™ ™
0= ;bnzémn = bm

and hence b,,, = 0. We now proceed with multiplying equation
(4b) on both sides with cos(4mzx) and integrate over x from —7%
to +7%. Now the left hand side does not vanish and we obtain

3

+3 -
/ f(x)cos(dmz)dx = / (%ao + Z an, cos(4nac)> cos(4mz) dz

7 - n=1

us s
4 4

+3

o

(Z by, sin(4naz)) cos(4mzx) dx
n=1

Now the second term vanishes and we obtain with the orthogo-
nality relation and we obtain

el

us

4

+Z (e e} [ee]
7r T
/f(a:) cos(dmzx) dx ngl an, / cos(4nx) cos(dmzx) dx ngl an4(5mn Ay

k]
|

for m # 0 and

for m = 0, and hence the overall relation given.
Note that this is entirely book work with L = 7

15



(c) Use L=m/4

4 m/4 16 w/4
an = — / 2cos x cos(4nzx) dr = — cos z cos(4nx) dx
™ J_zn/4 ™ Jo

Use the given integral

sin (% + n7r)

8 [sin(l —4n)z  sin(l +4n)z
ap = —
" 1 —4n 1+4n

”/4_ 8 sin(%—nw)
o 7| 1-4n

Now we use the given trigonometrical identity and obtain
T T T
sin (— - n7r> = sin = cos nm — cos — sinnw = =v/2(—1)"
4 4 4
and

sin (g + mr) = sin g COS N + o8 % sinnm = —v2(—1)"

so we obtain

n = %\/5(_1)“ [1 —14n 1 —|—14n] -

and finally
w/4 1
a0:2§/ cosxdx:—6s1n52§\/§
T Jo m 4 7
and we obtain

4/2 2 o 1
= i + g (=1)"——— cos4nx .

T T 1 — 16n2
n=1

f(x)

(d) The given function at x = 7/4 is

f(%) :QCos%:\/ﬁ

the Fourier expansion at this point is

f(%) :477£+§:8;/§(_ ) 1—116n2

cos(nm) = V2
(="

16

1+4+4n
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we obtain

™ 1_5‘3 1
8 2 1 — 16n2
n=1
and hence
1 W_i 1
2 8_n:116n2—1
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nP,(x) = 2n — D)zP,_1(z) — (n — 1)Py_2(x)

with
Py(z)=1 ; Pi(z)=1z

Therefore 3 1

PQ(.’L‘) = 5.’,132 — 5
and 3 1 15 9

3Ps( ):5@‘(5:5‘2—5) - x:—x3—§x

=

Ps(z) = §x3 — §x

S 2
hence
2Py (x) = 322 — 1 = 32% — Py(x)

and

1

1‘2 = ng(l‘) + —Po(x)

3
and further

3

2P3(x) = bx® — 3x

=
2P3(x) + 3Py (x) = b
=
a— §P3(:L‘) + §Pl(a:)
=

2
3r24+r—1=3 (—Pg(g;) + =Py

3

ii.

18
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gz, t) = (1 — 20t +¢2)/°

9g(z,t) _ (—2) <_1> 1 _ t
O 2) (1—2at+12)%2 (1 —2at+12)%?
dg(x,t) < 1> 1 x—t
= (—2z4+2t) | —= =
ot ( "\ (1 -2zt +2)%% (1 -2zt +2)%?
=
0g(x, t) t(x —1t)
(1‘ ) a 2 3/2
x (1 — 2zt 4 t?)
ot (1 — 2at + 12)%/?
=

o
(@—1t)) t"P(x) =t Z nt" P, (x Z nt" Py (
n=0
e} [e.e]
> " [wP)(x) = nPa(x)] = > " P (2)
n=0 n=0

on the right hand side substitute n - n — 1
(e e}
Z t" (2P} (z) — nPy( Z t"P,_(
n=0

and we obtain for n > 1

2P, (x) — nPy(x) = P, (z)

(1- x2) P! (z) =nP,_1(z) — nxP,(x)

Differentiate wrt x

—2zP) (x) + (1 — 332) P!(z) =nP,_,(x) — nP,(z) — nzP.(z)

19



from equation (3):

/
Pnfl

(x) = 2P, (x) — nP,(z)
=
—2zP)(z)+(1 — 2?) P)(z) = n [zP)(z) — nP,(z)] —nP,(z)—naP)(z)

=
(1 —2?) Pl(2) — 22P)(z) + n(n+ 1)P,(z) = 0

This is the Legendre equation.

20



6. (a) Seperation Ansatz

U = F(z)T(t)
h2
~—T0?>F +VFT = ihFo,T
m
divide by FT
h? 9’F 0T
-z = ih— =FE
om F +V =ih T

both sides of the equation are set to E, which is constant. Tem-

poral equation
o

h— =F
T
=
T=Ce iEt
= X —_—
PAT"g
(b) V=0
- K2 92
- IF:E
2m F
=
20 2m
OiF = 55 BF
=

F(z) = Acoskx + Bsinkx
with k% = 22 E.

(¢) General solution

F(z) = ZAk cos kx + By sin kx
k

hence ¥(0,t) =0 = only sinkz.

U(l,t) = Y Bysinklexp (—iEt/h) =0
k

21



_ hfntm
" 2mi?
=
= NTL _iBnt
U(x,t) :Zanm—ef 2
n=1
(d)
- T Ent | | ML, Emt
2 x . _jEnt * . i Emt
|W|" = 0U* = ZanmTe h] ZBmsm e fv]
n=1 m=1
=

o0 1
/|‘1’|2 dr = Z BnB;eZ;L(E"E’”)/ sin _mlm: sin —m;m dx
0

n,m=1

1 , l
=3 2 BB #EE [ in

Substitute u = 7*

- it T
=5 BnB,flelﬁ(E"E’”)/ sin nu sin mu du
Trn,m:l -
Tomn
l o0
—2 Z BnB:;zeilr(En Em) g n
n,m=1

l > 2 |
=52 Bl =1
n=1
9 o
7= 2 1Bl
n=1

Note that here Parseval’s theorem could be exploited as
well.
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