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1. Three particles of equal masses, attached to a light spring, can move
in a straight line, as illustrated in the diagram.

The equations pf motion may be written in matrix form

d’z
W =Az,

where z is a column vector of the displacements x; and

Show that the eigenvalues of A are A\ = —1, Ao = —3 and A3 = —4. 5 MARKS
Find the corresponding normalized eigenvectors. 7 MARKS
2. A drumhead consists of a circular membrane attached to a rigid sup-

port along the circumference r = a. The vibrations are governed by
the equation

where Z is the displacement from the equilibrium at polar coordinate
(r,0) and time ¢, and v is a constant. By assuming a solution of the
form
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Z(r,0,t) = R(r) x ©(0) x T(t) ,
derive ordinary differential equations R(r), ©(6), and T'(t).
Show that solutions with Z = 0 at t = 0 are of the form
Z = Ry (kr)sin(kvt) [a, cos nf + b, sinnd)] |

where n is an integer.

How can one find information on the possible values of k?

. Prove that the second order differential equation

d? d

o dxz? dx

2y=0,

has a regular singular point at * = 0 and hence has two solutions of
the form

00
y:Zan$n+k7 ap # 0
n=0

with k= -1 or k = 2.

By explicitly substituting the series expansion into the differential
equation, show that for both series the ratio of neighbouring terms

is given by
an n+k+2)(n+k—1)"
Show that the series expansion for k¥ = —1 solution terminates at

n = 1 and verify explicitly that the resultant expression does satisfy
the differential equation.

Show that the k = 2 series converges for all values of z,

and that the first two terms are proportional to the series expansion
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. Solution to Problem 1

3-A 1 0
A \| = 1 —2-x 1
0 13-
RGeSV (34N 1
= ‘ 1 [TBENE T ey

= B+N{1-[B+N2+)N-1]}
= B+N[1-(6+52+A-1)]
= (3+A)[-4—5)r— )]

5\ 9
- _ MNI(A+2) =Z2| =
3+ A) < + 2) 4] 0
hence
A1 =-—3 Ay = —1 A3 = —4
For A\y = -3:
010 I
A-MDz=[1 11 z2 | =0
010 T3
hence
Tro9 = 0
r3 = —I1
hence



1 1
V= —= 0
V2
For \g = —1:
-2 1 0 T
1 -1 1 To =
0 1 —2 I3
—2%1 +xT2 = 0
Tro — 2%3 = 0
hence
ro = 2:6‘1
r3 = I
and therefore
1 1
vo=—1 2
V6 4
For \3 = —4:
1 1 0 T
1 21 9 =0
1 1 T3
therefore
r1+x9 = 0
To+x3 = 0
hence
T2 —X1
I T3
hence
1 1
vy =—= | -1
V3



2. Solution to Problem 2
1 1 1

Set Z = R(r)O(0)T(t):

1 1 030 1 _ 0T
divide equation bt Z(theta,r,t):
1 1820 10T
AR PR
——
—k2 k2
therefore:
0 = —k**T
and

T(t) = Acos(kvt) + Bsin(kvt)
Z=0att=0, hence A=0
into left hand side:

%&m@Jﬁ+k%2+%§2:0
—~—

—n2

n2

hence
930 = —n*0

and
© = Acosnbf + Bsinnf

but: O(theta) = ©(0 + 27), therefore: n is integer!
Finally
Z0:(r0,R) + k*r? = n?

reparameterize r — kr or ¥ = kr then

FOr(FORR) + 7 = n?
and therefore R, (kr) solution! In summary:
R, (kr) sin(kvt) (a, cos nf + b, sinnf)

Boundary condition: R, (ka) = 0.



3. Solution to Problem 3

or
y//+2y/__2y:0
T
and
p(z) = 2
2
q(z) = )
therefore
po = limap(x) = 0
rz—0
qo lim 2°q(z) = —2
z—0

hence em regular singular point at x = 0.
Indicial equation k(k — 1) + pok + go = 0:

k(k—1)—2 =
P —-k—2 =

N\
ol
|
N —
~
no
Il
o © O

and therefore k; = 2 and kg = —1.

y,(l‘) _ Zan(n+k)xn+k_1

n=0
[e.e]

y'(x) = ) an(n+k)(n+k— 12"
n=0

Hence

[ee] ) 0o
S an(nt k) k=12 423 an(ntk)s -2 3 gtk = 0

n=0 n=0 n=0



In the second term replace n + 1 — n and obtain:

o [ee]
> a™ay [(n+k)n+k—1) =2/ +2) ap1(n+k— 12"
n=0 n=1

for n = 0:

k(k—1)—2=0

is fullfilled from indicial equation.
Remaining terms

S a" {an[(n+ k) (n+k—1) =2+ 2, 1(n+k—1)} =0
n=1
and we obtain

an[(n+1+k)(n+k)—2]=—-2a,_1(n+k—1)

Replace n — n + 1:

2(n+ k) "
a = —
il m+k+2)(n+k—1)"
For k = —1 we obtain
2(n—1) "
a =
T T i (n—2) "
For n =0: a1 = —ag
For n = 1: as = 0 and all other a,, = 0.
Hence
y= x ! [ap — apx] = agp [3371 - 1]
Hence
, -1
y = GO?
1
y' = QQOE
in DEQN:
2
200 2a— 220 1209 =0/
T x
For k = 2:
Ap41 _ 2(7’1, + 2)
an (n+4)(n+1)



Radius of convergence:

2
=22 lim nt

so convergence for all x.
For two terms: a1 = —ag and ay = 6ag/10. Hence

6
2 2
~ 1l—z4+ —
Y xao[ T 10:1:}

From

1 1 1
y = <1 + —) T4 Z & (1 + —) [1 — 22 + 222
Xz xr Xz

which is the same as agz?(1 — z) for ag = 2/3.

n—oo (n 4 4)(n + 1)
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