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Problems sheets will not be marked. The mark allocation shown will however be
relevant to in-course tests (which will be based on a selection of questions from
weekly Problem Sheets and Tutorial Problem Sheets).

1. The Legendre polynomials can also be obtained by thevioilp relation
(‘Rodrigues formula’):

1 d

Verify this formula for the first three polynomials (for= 0, 1, 2), compar-
ing the expressions obtained to those given in the lectures. [3 mark]

Using Rodrigues formula, show that [5 mark]

1
/;EmPl(x)dx:O if m<I.

1

Now, infer the orthogonality relation for the Legendre paynials from the
previous equation. [2 mark]

2. The gravitational potential of a mass$ located on the axis at distance
from the origin is given, in spherical polar coordinates,(&Yyis the gravi-
tational constant):

GM & d'
V(T’,Q,Qb) = —T ZB(COSH)W .
=0

Consider now a second massvery far from the origin{ < ). Approx-
imating the potential due to magg to the first three terms of the previous
expansion, and using the expression for the gradient inrg@heoordi-

nates, find the gravitational force acting on the mass [10 mark]

Reminder: the gradient operator in spherical polar coordinatesvsrgby
(see lecture notes, Chapter 1):

o .10 . 1 0
+89;—

V= 09+e<prsin98_¢'

or
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1. Check: [3]

1
R = gyl -1 =1,
1d
P = _— 2—1:
1 de(l’ )=,
1 d? 1d 1
p,o= 9 o2 =19y y 322 —1). (1

Proof of orthogonality via Rodrigues formula:

First, let us notice that any derivative of ordek [ of (z* — 1) is propor-
tional to(x? — 1) (one can easily convince oneself by differentiating it gnce
and then verifying that, in further differentiations, atia(z* — 1) is always
present in all terms). This implies that such derivativegaghks vanish for

x = F1, in formulae:

dk:
dak

Now, inserting Rodrigues formula into the integral and gméing by parts
m times yields (form < 1)

+1 1+
/1xPlda: = ﬁ/ Ida:l(x_l)d

1 dqi-1 +1 +1 - di-t
= ﬁ([ = 1(x —1) } —m/ ldxl -(z —1)ldI

1. m—1 o e 1 | “ogem |
Y]] kzo(_l) {x dIl—k—1(x _1)}_14‘(_1) m./ dxl_m(x —1)'dx

-1

(2* = 1)j,.., =0, fork <L (2)

The terms in the sum come from the integrations by part: lsratiEq. (2)

all such terms vanish, so that the integral reduces to [5]
+1 \ (=1)™m! +1 gi-m , l qi-m-1 ) 1 +1

(again, due to Eq. (2)). Notice that the last expression i$ defined be-
cause we assumed < [.

Let us then consider two distinct Legendre polynomiglsind P, assum-
ing, without loss of generalityn < I. P, can be written a3~," pya* for
some real coefficients,. Therefore: 2]

2
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+1 m +1
/ PP, dx = Zpk/ zFPdx =0

1 k=0 -1

because of the previously shown relation (remember khat m < [ by
assumption).

2. The potential energy/(r, 0, ¢) of the massn in the gravitational field of
the mass\V/ is given by 12]

M
B(r.0,6) = mV (1.0, ¢) = — 2™ ZPl cow
which, for larger, can be approximated as (see expression for first three

Legendre polynomials) (3]

2
E(r,0,¢) ~ _GMTm (1 +cos€% + %(3(0059)2 4 1)d—2) .

-
Gradient in spherical polars

(918A18

V= ©ror e a«9+e¢rsin«9€9_¢‘
The gravitational forcé” acting on the mass: is then (5]
F = —VE(r0,¢) ~

0 /1 d 1 ,
GMm € o (— + cosf— + 5(3(005 0)* — 1)5)

r r2

10 (1 d 1 ,
+eé . (;+cos«9—+§(3(cos0) —1)—3)]

r2 r

2 d 3 , P d &
é, (ﬁ"‘ZCOSQ——Fé(?)(COSH) —-1)— )—l—eg <Sln¢9ﬁ—|—38111¢90089ﬁ)].
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